We study the M(atrix) theory description of M-theory compactified on a 5-torus. One of the fluxes we identify corresponds to the completely wrapped transverse fivebrane of M-theory. We comment on the origin of the fivebrane central charge, and argue that the formulation of M-theory compactified to low dimensions in governed by the (2,0) fixed point in six dimensions.
Introduction
In the last few months a significant amount of evidence has accumulated in support of the conjecture of Banks, Fischler, Shenker and Susskind on the non-perturbative formulation of M-theory [1] . The structure of 11-dimensional supergravity and the membrane of M-theory were found in [1] . The longitudinal fivebrane was found in [4, 16, 5] . Various D-branes were constructed in [5] , and elementary strings were constructed in [9, 10] . The interactions of these states seem to fit the expected pattern from M-theory [6] .
In [3, 2, 11, 14, 8, 16 ] compactifications on tori were considered. The T-duality of type II string theories emerges in a non-trivial way, involving dynamics of strongly coupled SYM theories in various dimensions. The existence of non-trivial fixed points in those theories was important for the emergence of rotational invariance in type IIB theory [2] , and for the correct U-duality group in seven dimensions to appear [11] . The importance of these fixed points was emphasized recently in [9, 8] . However, the "SYM on a torus" prescription is manifestly problematic when compactifying on a torus of dimension 4 or larger. In 4+1 dimensions there is no superconformal fixed point with this amount of SUSY. In 5+1 dimensions there is no superconformal fixed point for the (1,1) SUSY realized by SYM theory (although that may not be a prerequisite), and in any higher dimension there is are no indication of any fixed points. We will suggest a different resolution for the 4-torus and higher dimensional tori.
A related unresolved issue is whether the Matrix model introduced in [1] provides a complete account of M-theory's degrees of freedom and their interactions [7] . In addition to difficulties in situations where the amount of SUSY is less than maximal, the transverse fivebrane of M-theory was not found in the Matrix model even in the maximal SUSY case. Moreover, it was shown in [5] that its corresponding charge is absent from the SUSY algebra of the M(atrix) model. It has also not been identified in M(atrix) theory compactified to lower dimensions. This is particularly disturbing for a compactification on a 5-torus where the wrapped 5-brane is a finite energy particle-like state in spacetime. This is on equal footing with other wrapped branes, which correspond to easily identifiable fluxes in M(atrix) theory [8] (it has, however, been identified by S-duality in 3+1 dimensional SYM theory [16] .).
In the following note we identify the wrapped 5-brane when M-theory is compactified on a 5-torus and suggest a definition of the theory when compactifying on 4 or higher dimensional torus. Our suggestion is that M-theory on a 4-torus is controlled by a large N limit of a (2,0) superconformal fixed point in 5+1 dimensions. Compactification further is done by compactifying scalars in tensor multiplets (and not by increasing the dimensionality of the base space). When compactifying M-theory on a 5-torus the situation is that of a (2,0) theory on a 5-torus with one compact scalar, very much like in the paper of Dijkgraaf, Verlinde and Verlinde [12] (though from different reasoning), and all the central charges are transparent.
When this work was completed, we were informed that Nati Seiberg has also suggested that the (2,0) is the UV description of the M(atrix) model.
M(atrix) Theory on T
We begin by recalling the M(atrix) theory description of M-theory compactified on a 4-torus [11, 8] . The spacetime parameters are the torus sides L i and the lightcone length 2πR. We take the torus to be rectangular for simplicity.
The M(atrix) theory for this compactification is a 4+1 dimensional SYM theory living on the dual torus. The parameters of the gauge theory are the dual torus lengths Σ i and the gauge coupling g 2 . These parameters are found to be [8, 11] :
The gauge theory has 16 SUSY generators, and its field content corresponds to one vector multiplet in the adjoint representation of U (N ). The bosonic modes are a vector and 5 real scalars , X a (a=1,...,5). There is, however, no 4+1 dimensional superconformal fixed point with this amount of SUSY. So the definition of this SYM theory is not clear.
A suggestion for such a definition was discussed in [11] Motivated by U-duality it was suggested that there are bound states of instantons (which are particles in 4+1 dimensions), and that they correspond to momentum modes in an additional "quantummechanical" base space dimension. This is a crucial step but it is problematic. It is to be contrasted, for example, with the usual electric-magnetic duality in N = 4 SYM theory in 3+1 dimensions in which one does not want to have bound state at threshold with magnetic charge 2.
In the present context we need to second quantize also the instantons, and go to the 5+1 dimensional theory. We, following [11] , are motivated to assume that the mechanism is the same as what happens to the 4-brane of type IIA theory at strong coupling: it becomes the 5-brane of M-theory. The U (N ) gauge theory becomes a theory of N antisymmetric anti-self-dual tensors and O(N 2 ) tensionless strings. This argument is not flawless as this is a field theory and not the full string theory. In particular we are missing the Coulomb branch of the 0-branes on which the authors [17] identify the bound state of the 0-brane to the 4-brane. For a more field theoretic argument we note that the quantization of 15 of the fluxes, when written in an SO(5,1) invariant way in equation (5.11) in [8] , is the one obtained from requiring a well defined 2-form connection on strings wrapped on a cycle of the torus.
Our assumptions concerning the definition of the SYM theory by inclusion of the bound states are either correct or not. Fortunately the result is the same for some purposes.
Let us assume that they are correct. In that case we have no working definition of the 4+1 dimensional SYM theory, even beyond the non-existence of a 4+1 dimensional UV fixed point (with this amount of SUSY). Going up the renormalization group flow to find a UV fixed point, we usually neglect the instanton states because at high energies we identify them as fuzzy solitons. In our case, where there are bound states, we have to include the entire KK spectrum as we try to probe higher energies, and in effect mimic the 5+1 dimensional flow. There will be no workable complete definition of the 4+1 dimensional theory other than its 5+1 dimensional limit.
The case that the assumption about the instanton is false is even simpler. In that case the "SYM on a torus" prescription does not contain all the degrees of freedoms needed to formulate M-theory. This prescription is correct only when compactifying on a torus of dimension 3 or lower (and then it may be correct only as an effective low-energy description obtained by a KK reduction of the (2,0) theory on T 5 to SYM theory in lower dimensions).
In any case, once we compactify on T 4 the either correct or more useful definition of M-theory is the large N limit of the (2,0) theory on T 5 with a number of compact scalars.
Neglecting the compactness of the scalars, there is no obstruction that we are aware of to having a universal definition of this theory in terms of an interacting fixed point.
M(atrix) theory on T 5
We want now to compactify further to reach the description of M-theory on a 5-torus.
The general prescription [14] would be to impose some periodicity conditions on one of the adjoint scalars and add massive winding modes. Fourier transforming or, equivalently, T-dualizing in the additional compact direction, yields a SYM theory in 5+1 dimensions.
This has been carried out in [8] where 15 out of the 16 solitonic particles (completely wrapped branes) have been identified with fluxes of the gauge theory.
As we have mentioned above we prefer to describe the compactification in terms of a 4+1 dimensional theory, with one of the transverse scalars being compact (let us neglect for now the winding modes, they will not play a role in most of what follows). Imposing the appropriate boundary conditions on the adjoint scalar is a delicate procedure. However, in what follows we are interested mainly in the U (1) part of that scalar. We denote then
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The boundary conditions on x 5 are simple, it is a real compact scalar of length L 5 . Using this picture we identify all 16 states.
For the reader familiar with [12] this is straightforward. As described above, following [11] , the 4+1 dimensional gauge theory in the context of M-theory suggests that it is really a 5+1 dimensional theory compactified on a torus, with the additional base space dimension proportional to 1 g 2 (this dimension is different from the 5th compact physical dimension, and we refer to it henceforth as the "quantum" dimension). One of the scalars in the tensor multiplet lives on a circle (which is the 5th physical dimension which we have not T-dualized). The field theory that we have is similar to that of N 5-branes of M-theory on T 6 where the 5-branes wrap 5 out of the 6 cycles of the torus. Since we are interested only in the free "overall U (1)" part we are now exactly in the set up of [12] -10 membranes wrapped around 2-cycles of T 5 .
-1 completely wrapped transverse fivebrane.
We begin with fluxes that are independent of the compact scalar. These are states that exist already when compactifying on a 4-torus. The corresponding fluxes were described in [8] . There are 4 electric fluxes and 6 magnetic ones, all living in the overall U (1) factor.
These fluxes correspond to momentum modes of 0-branes on the 4-torus, and membranes wrapped around 2-cycles of the 4-torus. This can be shown by calculating their worldvolume energy, which is related to the corresponding lightcone mass by E = RM 2
2N
. Performing this calculation yields the mass of the electric flux states: 
which gives:
This identifies the magnetic flux states as membranes wrapped around 2 of the compact dimensions. As explained in [8] , these formulas can be written in an SO(5) invariant way that reflects the rotational invariance of the 5+1 dimensional (2,0) theory. These states correspond to fluxes in the B field of that theory. Since the B field is anti-self-dual we need to count only "magnetic charges" of which we have 10.
The rest of the states utilize the compact scalar. Let us first identify the other 5 charges identified in [8] . The compact scalar appears in the Hamiltonian of the theory as follows:
where Π 5 is the momentum conjugate to X 5 .
The compact scalar has a quantized momentum, T r(
. The quantum of energy is then:
The corresponding mass in spacetime is M = 2π L 5
. Therefore momentum modes of the compact scalar corresponds in spacetime to momentum modes in the new compact dimension, as expected.
The compact scalar x 5 lives on a toroidal base space. Therefore it can have winding modes. Denoting the world-volume coordinates as σ i , these are states of the form:
The energy of these 4 winding modes can be computed from the Hamiltonian above, equation (2.7) . This leads to the following lightcone masses:
Therefore these fluxes, the winding modes of the compact scalar, correspond to membranes wrapped around 2 dimensions of the spacetime 5-torus.
So far we have identified 15 out of the 16 states. These are also the states that are easy to identify in the 5+1 dimensional SYM picture. The remaining state is the transverse fivebrane, for which we need to use the 5th (quantum mechanical) base space dimension.
The length of this additional world-volume dimension is found to be [11, 8] :
The 5+1 dimensional theory has self-dual antisymmetric tensor fields, with complicated and poorly understood dynamics. It also has 5 scalars in the cartan of U (N ) and potentially scalar states in the rest of the adjoint of of U (N ). The overall U (1) part of the compact scalar above is simpler and we assume that it is not affected by the dynamics of the tensor fields. This scalar can have momentum states and winding states as before, but now there is an additional winding state. Indeed, by the extended 5+1 dimensional Lorenz symmetry, the compact scalar can wind around the new compact dimension. The corresponding mass is found, as above (equation (2.10)), to be:
This is the correct mass for a completely wrapped transverse fivebrane.
The charge corresponding to fivebrane charge in the 5+1 dimensional SUSY algebra is simply winding number of the compact scalar around the new direction σ 5 . The relevant term in the 5+1 dimensional Hamiltonian is: This also suggests a possible reason why the transverse fivebrane was not found so far. Presumably, it is because the 4-branes were found semi-classically as solitons and were not second-quantized. It is unclear to us how this procedure can be implemented in the original formulation of M(atrix) theory [1] . One possibility is that the bound state of instantons, which perhaps comes from some harmonic form on the moduli space of two (and more) instantons on a torus goes over to the Higgs branch in the effective action of the 0-branes in a 4-brane background in [4] .
We will briefly discuss some elements of the alleged SO(5,5) U-duality group. In the 5+1 dimensional SYM theory there are the obvious 5 charges which are the momenta in each space direction and an additional set of 5 charges which are the instanton number in each of the space-like four planes. These form a 10 of SO (5, 5) .
Under the exchange of one momentum charge with the corresponding instanton charge (T-duality in one circle) the theory, as we have seen, goes from a (1,1) theory to a (2,0) theory, which could well be expected from IIA/IIB. We can T-dualize two circles which will take us from each theory to itself, thus generating the U-duality group for each of the two theories.
Our setup is very much like [12] , although for different reasons. The authors there argue that the model has the correct SO(5, 5) U-duality. This theory might be a string theory in disguise.
One comment is in order. When the scalars are compact there are still massive modes related to winding from one copy of the (2,0) theory to one of its images. Such states certainly exist in the 4+1 SYM from which we started. This, however, does not imply that we are developing a new dimension as these excitations could be, and it is more natural for them to be, stringy excitations and not particle states. We do not know how that affects the flow.
Conclusions
To summarize, as expected the flux corresponding to the transverse fivebrane is nonlocal in the alleged natural variables of M(atrix) theory, which are summarized in a 4+1 dimensional gauge theory. All fluxes are natural in the equivalent description in terms of a 5+1 dimensional "tensor" theory. It would seem that when compactifying to low dimensions one will have to deal with the large N limit of the (2,0) theory as a light cone description.
When compactifying further, the theory is still described by the 5+1 (2,0) theory but now some of the scalars are compact and there are various stringy excitations that we have to deal with. We do not know how to do it, other than identifying the relevant solitons.
The (2, 0) theory is very hard to analyze since its only deformations are ones that give mass to solitonic stringy objects which we don't know how to quantize. There are however very interesting questions that one may try and analyze just from the superconformal algebra such as the dimension of the v 4 operator.
The compactification on higher dimensional tori, and in particular the fluxes corresponding to the U-duality multiplets, are worked out in detail in [15] , we refer the interested reader to their work.
